We generalise the covariant Tolman-Oppenheimer-Volkoff equations proposed in Ref.
I. INTRODUCTION
It has been clear for a long time that, differently from the Newtonian case, in General Relativity the structure of a spherical stellar object can be highly non trivial. Indeed, in spite of the progress made so far, no completely satisfactory general solution of this problem has been found.
The isotropic case, in which the source of the gravitational field is a perfect fluid, was the focus of much research in the last few years. For example, in Ref. [2] an extensive selection of the known solutions was made using physical criteria like the positivity of the pressure and the negative gradient of the density distribution. In addition, a number of new methods to obtain analytic solutions representing relativistic stars were proposed (e.g. Ref. [4] [5] [6] ), together with an analysis of the general properties of these solutions [7] . In Refs. [8, 9] e.g. some general theorems were proven that connect different isotropic solutions to each other.
On the other hand, actual relativistic astrophysical stellar objects hardly resemble spheres of perfect fluids. This is due to a number of reasons. For example magnetic fields can be very intense and induce non trivial deviations from isotropy. In addition, it is widely believed that in relativistic stellar objects matter is in a state which has exotic thermodynamical properties (see e.g. Refs. [11, 12] and references therein). In fact, it has been suggested that even a simple mixture of real gas can behave as an anisotropic fluid Ref. [13] .
The study of solutions describing anisotropic stellar interiors presents a number of additional challenges, due to the extra degrees of freedom associated with the anisotropy. There are a number of interesting works in which solutions representing anisotropic stars are proposed and analysed from different points of view (see e.g. Refs. [14] [15] [16] for some recent examples).
In Ref. [1] , we developed a new covariant formalism to treat the Tolman-Oppenheimer-Volkoff (TOV) equations in the case of an isotropic fluid. In the new formalism many aspects of the properties of these solutions, like the mathematical structure of the equations, become immediately clear. In addition, the generating theorems mentioned above, plus some new ones, can be easily formulated as linear deformations of the initial solutions. The formalism also allows the determination of a number of physically relevant solutions via the use, for example, of reconstruction algorithms.
The purpose of this paper is to extend this formalism to the case of anisotropic sources. As in the isotropic case, the new equations will clarify the mathematical structure of the problem and suggest in an intuitive way a number of purely analytical resolution strategies. The characterisation of the anisotropy as a pressure term, will also allow the definition of a new class of generating theorems for this case. We will also prove, via the definition of a reconstruction algorithm, that, surprisingly, generating solutions in the anisotropic case is indeed easier than the isotropic one.
The paper is organised as follows. Section II introduces the basic formalism and a key set of variables which will be useful for our purposes. Section III is dedicated to the construction of the covariant TOV equations and to different resolution strategies of the new equations. In Section IV we formulate some generating theorems of the anisotropic case. In Section V instead we will propose a reconstruction algorithm and we will use it to generate some physically interesting solutions. Section VI is dedicated to the Conclusions.
Unless otherwise specified, natural units ( = c = k B = 8πG = 1) will be used throughout this paper and Latin indices run from 0 to 3. The symbol ∇ represents the usual covariant derivative and ∂ corresponds to partial differentiation. We use the −, +, +, + signature and the Riemann tensor is defined by
where the Γ a bd are the Christoffel symbols (i.e. symmetric in the lower indices), defined by
The Ricci tensor is obtained by contracting the first and the third indices
Symmetrisation and the anti-symmetrisation over the indices of a tensor are defined as
Finally the Hilbert-Einstein action in the presence of matter is given by
II. 1 + 1 + 2 COVARIANT APPROACH IN BRIEF
A more general and detailed presentation of this formalism can be found in Refs. [18] [19] [20] and in Ref. [1] . We give here a very brief description of its main features.
The 1 + 1 + 2 approach is based on a double foliation of the spacetime: a given manifold is first foliated in spacelike 3-surfaces and then these 3-surfaces are foliated in 2 surfaces. These foliations are obtained by defining a congruence of integral curves of the time-like (u a u a = −1) vector field u a and a congruence of integral curves defined by the spacelike (e a e a = 1) vector e a . The u a and e a congruences allow the definition of two projection tensors: h a b = g a b + u a u b which represents the metric of the 3-spaces (S) orthogonal to u a and
which represents the metric of the 2-spaces (W ) orthogonal to u a and e a . The 2-surface W carries a natural 2-volume element, the Levi-Civita 2-tensor:
where ε abc and η abcd are the Levi-Civita tensors in S and the original manifold respectively. The decomposition defined above can be also used to define a set of derivatives operators:
which are called covariant time derivative, orthogonally projected covariant derivative, hat-derivative, δ -derivative, respectively. The kinematic variables of the 1 + 1 + 2 formalism are eight scalars
six vectors
and four tensors
These quantities are defined via the decomposition of the covariant derivative of u a , the orthogonally projected derivative of e a and of the Weyl tensor C abcd into their irreducible parts. More specifically:
and
For an observer that moves on the geodesic congruence defined by u a , the expansion of the geodesics will be given by Θ =θ +θ , the deviation from free fall will be represented by the components A and A a of the acceleration vectoru a , the components Σ ab , Σ a and Σ of the shear σ ab will represent the non isotropic deformation of the geodesic flow and the components Ω and Ω a of the vorticity ω ab = D [a u b] its rotation. Similarly if the same observer chooses e a as special direction in the spacetime, φ represents the expansion of the integral curves of the vector field e a , ζ ab is their distortion (i.e. the shear of e a ) and a a the change of the vector e a along its integral curves (e.g. its acceleration). We can also interpret ξ as a representation of the "twisting" or rotation of the integral curves of e a (i.e. the vorticity associated with e a ). Finally E, E a , E ab are related with the Newtonian part of the gravitational potential while H, H a , H ab are related to tidal relativistic forces.
The matter sources are represented by four scalars:
which denote the standard matter density and pressure and the scalar part of the heat flux and the anisotropic pressure; two vectors
which denote the solenoidal part of the heat flux and the anisotropic pressure; and the tensor Π ab . The definitions are
The three matter sources {µ, p r , p ⊥ } that appear in the temporal, radial and angular parts of the Einstein equations can be directly connected to the 1 + 1 + 2 matter scalars. In particular,
The formalism given above is able to describe in a natural way all locally rotationally symmetric (LRS) i.e. spacetimes in which one can define covariantly a unique, preferred spatial direction. In the following we are interested in the case of the rotation free, static and spherically symmetric spacetimes (LRSII). In this case all the 1+1+2 vectors and tensors vanish as well as the variables Ω, ξ, H, Θ, Σ and Q. Thus one is left with the six scalars {A, φ, E, µ, p, Π} which are related by the equationŝ
with the constraints
We introduce at this point an affine parameter such that the Gaussian curvature K is given by [21] 
The parameter ρ is connected to the standard area radius by
where r 0 is an arbitrary constant. In the rest of this work we will perform the calculations in ρ, but we will give the final results in terms of r to make the comparison with known results easier. Using the parameter ρ and defining the following variables [21] 
the Eqs. (22)- (26) take the form
These equations will be the starting point for the construction of the covariant TOV equations. Finally, it is useful to give the form of A, φ, K , Y and K in terms of the the metric coefficients in and their derivatives. In ρ, we have
Instead in terms of r the same variables read
It is clear that r will be the classical area radius only if K 0 = 1. We will make this assumption from now on. In addition Eq. (29) implies that K 0 = r
0 . In the following we will use this relation any time that we will write the solution in terms of r.
A. Junction Conditions
Sometimes a non vacuum static spherically symmetric metric has interesting properties, but its asymptotic properties are not useful to model stellar objects. In this case such solution can be matched to the vacuum Schwarzschild solution at finite values of the radial parameter. There is a set of well known conditions to be satisfied in order to perform such soldering, i.e. the Israel's junction conditions [22, 23] . We will now deduce the equivalent of these conditions in terms of the new variables. The procedure is analogous to the one in Ref. [1] for the isotropic case.
The surface of separation will be the 3-surfaces S normal to e a . Indicating the jump along S as
where g S ab is the metric of S andK cd is the extrinsic curvature of S. The conditions above imply the following junction conditions
If the conditions (43) are not satisfied a thin shell with stress-energy tensor 
As [φ] = 0, this is equivalent to say that [p r ] = 0. In other words, in order to provide a smooth junction with the Schwarzschild metric, one has to seek a value of the radius in which the radial pressure is zero. In the following we will impose the junction conditions requiring directly that p r is zero on the boundary of the star. We will have, however, two cases in which this condition is incompatible with the structure of the solution and we will be required to introduce a shell.
The above condition does not give any information on the energy density and the tangential pressure, implying that there is no constraint on these quantities. This can be verified breaking covariance. From Eqs. (37-38) and (39-40) we realise that the junction conditions (43) require the continuity of A, of its first derivative and also the continuity of B. From the Einstein equations it is easy to see that the energy density and the tangential pressure depend on derivatives of the metric coefficients (like the first derivative of B) which have no constraint. As a consequence both of these quantities can have a jump at the junction.
III. 1 + 1 + 2 TOV EQUATIONS
Considering Eq. (32) and eliminating X and Y from Eq. (33), one obtains
The structure of these equations is similar to the one of the isotropic case treated in Ref.
[1] and therefore we have similar problems in determining a general analytical solution. The most important difference is that now two different pressure terms (isotropic and anisotropic) appear in the TOV equations. In the standard treatment, the equations above are written in a slightly different way. Indeed, the TOV equations are written for the combination P + P which would correspond to p r /φ 2 (see e.g. Ref. [11] ). We will make use of the latter form of the equations to give a special case in the following subsection. In general, since anisotropic solutions posses additional degrees of freedom, it is natural to expect that this case is more complicated that the isotropic one. Surprisingly we will find that this is not always the case.
The equations above are completely equivalent to the Einstein equations. However, not all the solutions of the Einstein equations with anisotropic fluids correspond to (the interior of) stellar objects. It is known [6, 11] that a physical solution will have to fulfil the following conditions 1. µ, p r and p ⊥ should be positive inside the object; 2. the gradients of µ, p r and p ⊥ should be negative; 3. the speed of sound should be always less that the speed of light 0 < ∂pr ∂µ < 1, 0 < ∂p ⊥ ∂µ < 1; 4. the energy conditions should be satisfied;
5. the anisotropy Π should be zero in the centre of the object, i.e. p r = p ⊥ at the centre.
In the following we will present solutions that are compatible with these conditions at least for one set of their parameters.
A. Some resolution strategies
There are several strategies which can be used to obtain solutions of the TOV equations in this case. The simplest one are based on making an ansatz on the behaviour of the anisotropy Π and then solving for the corresponding pressure. This is one on the most common approaches in literature (see e.g. [11] ).
Setting for example
where h is an arbitrary constant, one obtains
This solution corresponds to the Bowers-Liang solution for a constant density object [24] , which in radial coordinates reads
with
and P 0 < 0. Another interesting strategy to obtain exact solutions of Eqs. (47) is to find a convenient constraint for the anisotropic pressure term. For example, setting P = P + P and imposing
the first of Eqs. (47) reduces to
which is analogous to the TOV equation the pressure of an isotropic system with pressure P. It is easy to check that in the trivial case P = 0, the above equations give the solution found by Florides [25] . As a consequence, the Florides' solution can be considered the simplest element of an entire class of solutions for which Eq. (53) holds. Using the covariant TOV equations one can easily find some other simple examples with a non trivial P. Indeed, working with a constant density, we have
together with the radial and tangential pressure
The solution is well behaved in the origin. Unfortunately in the value of r in which the radial pressure becomes zero the orthogonal pressure diverges, so the solution can only be used by choosing matching it to the Schwarzschild exterior before this singularity. Naturally, since p r = 0 at the junction the object represented by this solution will be enclosed in a shell, defined by the stress-energy tensor in Eq. (44).
A more regular example is (we set r 0 = 1 for brevity):
where a is an arbitrary constant and b < −1/4 or b > 3/4. The thermodynamical quantities are: 
Notice that the radial pressure in this solution is never zero. Hence, in principle, we have two different options. A first one is to consider the metric above as representing an object with a thin atmosphere that covers the entire spacetime. A second option would be to make a junction with the Schwarzschild solution by introduction a thin shell, like in the previous example. However, the component A of the metric and the barotropic factors are growing functions of the radial coordinate. This implies that the first option would lead to an unphysical situation and suggests a natural range of radii in which the solution can be soldered to the Schwarzschild solution.
In Fig. 1 we give the behaviour of the solution for a convenient choice of the parameters.
Yet a different resolution strategy for Eqs. (47) consists in separating the isotropic and anisotropic degrees of freedom. Shifting the position of the coupling term 2P P and of the term tion is:
This setting suggests that any isotropic (P = 0) solution of the TOV equations can be associated to an anisotropic solution in which P , K and M are the same and the P is determined by the equation
Notice, however, that these new anisotropic solutions will have a different Y and therefore a different (0, 0) component of the metric because the constraint (35) is changed by the presence of P.
One can indeed find a number of different ways to connect isotropic and anisotropic solutions. For example, setting
where P 0 and M 0 are part of a known solution of the isotropic equations. With these assumptions the Eqs. (59) returns an algebraic equation that can be solved for P:
Now the TOV equations can be solved completely if one is able to integrate the second of Eqs. (59). The latter equation is of Bernoulli type and admits the following formal solution:
As an example, one can start with the classical isotropic constant density solution
Setting
where µ 1 is a constant, the solution for K is
This leads, after long but trivial calculations, to the following solution for the metric and the fluid thermodynamics:
where P 0 is an integration constant. The radial and tangential pressure read
In this solution the pressures at the centre are regular for any value of the parameters and one can have central value of these quantity to be positive. In addition, the parameters can be set in such a way to avoid any singularity. Fig. 2 gives an example in which the radial pressure goes to zero at a finite radius. The reason behind the connection between isotropic and anisotropic solutions will become clear in the next Section when we will look into the details of the generating theorems for anisotropic solutions. We will discover that ultimately these theorems are behind the methods presented above.
IV. GENERATING THEOREMS FOR ANISOTROPIC TOV SOLUTIONS
In Refs. [8] [9] [10] a number of interesting theorems were proved, dubbed generating theorems. These theorems allow to connect different solutions of the TOV equations in the isotropic case, in the sense that given a solution of the equations, one can recover new solutions which differ only in a given set of quantities (e.g. the pressure and (0, 0) component of the metric). In Ref. covariant formalism, we were able to prove that these theorems can be related to linear deformations of the solutions of the isotropic TOV equations. We also showed that the constraints between the variables Y, K, P, M can be used as a guide to deduce such generating theorems. In this Section we will extend these generating theorems to the case of anisotropic solutions. We will show that, in addition to the theorems already found for the isotropic case, new theorems can be formulated. Let us start from a shift in the isotropic pressure and the variable Y :
which corresponds to the transformation
of theorem 2 in Ref. [8] .
Using the Eqs. (59), the constraint in Eq. (35) and Eq. (31), we obtain
whose solution is
In other words starting form the solution (Y 0 , K 0 , P 0 , M 0 ) we have obtained a new solution (Y, K, P, M) by solving two integrals.
In [1] we proved a similar theorem for the isotropic case. Comparing the two results it is easy to see that the only difference consists in the presence of the additional term 2P in the integral that defines F .
Let us consider now the case of a combined shift of the pressure and the energy density. Setting
which leads to
and corresponds to Theorem 1 in Ref. [8] (see also [10] ). Eq. (59), the constraint in Eq. (35) and Eq. (31) return
The first equation above is a linear differential equation which can always be solved exactly as
Differently from the previous case, the theorem that we have obtained matches exactly the corresponding theorem in the isotropic case given in [1] . Exploiting the similarity of the role of the isotropic and anisotropic pressures in Eqs. (47), we can, moreover, give additional theorems. For example, keeping the isotropic pressure unchanged one can set:
and we obtain
which mirrors theorem in Eq. (70). Also theorem in Eq. (74) has a similar analogue. Indeed, setting
we obtain
Again, the first equation above is a linear differential equation which can be solved exactly as:
A third generating theorem allows to shift the isotropic pressure, maintaining the energy density fixed. Setting
which can be solved by
Like in the isotropic case, one can further consider nonlinear deformations of a known solution. For example, in the case of a linear shift of the isotropic and anisotropic pressure with a generic change of K that is
Similar results can also be found if one considers variations of P and M or P and M together with a change of K.
As in the isotropic case, one can obtain hints about the existence of new theorems by looking at the constraints in Eqs. (34)-(36).
V. RECONSTRUCTING ANISOTROPIC SOLUTIONS
To conclude, we give a reconstruction algorithm for anisotropic stellar interior solutions. In Ref. [1] we proposed a similar algorithm for isotropic stellar interior solutions. In that case it turned out that the metric coefficients have to satisfy a differential constraint which can be difficult to solve. We will make a similar construction here, showing that, surprisingly, the algorithm for anisotropic solutions does not present any such constraints.
In the isotropic case one should set P = 0 in (90) and this relation corresponds to the differential constraint we encountered in Ref. [1] . This result implies that the differential constraint found in the isotropic case corresponds to the very condition of isotropy.
The structure of Eqs.
(88-90) shows that reconstructing anisotropic solutions is considerably simpler than reconstructing isotropic ones. Indeed in the anisotropic case the equation above leads to a double infinity of solutions.
It is useful at this stage to give the expression of the barotropic factors in terms of the variables K and Y :
These expressions can be used to select the suitable forms of the metric variables Y and K.
We will now use the above algorithm to generate some physically relevant solutions in the sense of Section III. We shall limit ourselves to give all the results directly in the parameter r.
Let us start form the metric coefficients
where F is the Gaussian hypergeometric function
In this way, setting for brevity r 0 = 1, we get:
Notice that the radial and tangential pressure converge to the same value in the centre of the star. The radial and tangential barotropic factor read
In Figs. 3 and 4 , we give a plot of the above solution for a set of values of the parameters which return physically relevant results. As a second example let us consider the case
which can be seen as a generalisation of the Bowers-Liang solution for non-constant densities. Setting for brevity r 0 = 1, we have
Notice that the radial and tangential pressure converge to the same value in the centre of the star. The radial and orthogonal barotropic factors are too long to be reported here, but their calculation is trivial. In Figs. 5 and 6, we give a plot of the above solution for a set of values of the parameters fulfilling the physical criteria of Sec. III. In light of the theorems that we have presented in the previous Section, this solution is somehow expected. It corresponds to the application of the theorem on the shift of the energy density, the isotropic pressure and the radial component of the metric. We end this section pointing out an interesting aspect of the above solutions. At least in the cases that we have explored in Figs. 3 and 5 , the radial and tangential pressure are relatively close to each other. For an object of this type, therefore, the degree of anisotropy even if present is rather small. This fact points to the conclusion that a class of regular objects can exist which are quasi-isotropic. Quasi isotropic stars would behave like an isotropic star upon isolated observation, but they would differ dynamically because of the different properties of the anisotropic pressure. Such differences might appear evident and be studied, for example, at perturbative level. 
VI. CONCLUSIONS
In this paper we have used the 1 + 1 + 2 covariant formalism and a tailored variable choice to develop a covariant version of the Tolman-Oppenheimer-Volkoff equations for objects that present the maximum degree of anisotropy compatible with spherical symmetry. Within this framework it becomes clear that the anisotropy generates additional pressure terms which modify one of the isotropic TOV equations. This anisotropic pressure corresponds to the anisotropy term ∆ which generally appears in literature.
The covariant equations clarify the role of the anisotropic pressure in the structure of an object interior and immediately suggest a number of analytical resolution strategies. Indeed, some of these strategies have already been employed in literature in specific cases like the Bowers-Liang one. The structure of the covariant TOV also suggests that there exists a number of algorithms which allow to map isotropic solutions in anisotropic ones. Indeed one of such methods has been recently proposed in Ref. [26] . These procedures can be useful to appreciate the physical role of the anisotropy in these systems as well as to explore further the solution space for anisotropic stars. We proposed some new algorithms of this type. In some cases these methods allow to recognise general properties of known solutions, like in the case of Florides' one.
In the isotropic case, a number of generating theorems were discovered which allow to connect different isotropic solutions to each other. The formalism that we have used allows to extend these theorems to the anisotropic case in a straightforward way. Indeed, we were able to find a number of new theorems that involve directly the anisotropic pressure. As in the isotropic case we can therefore talk about seed metrics and organise the known solutions in terms of their relations via these theorems.
Finally, the new equations were used to derive a reconstruction algorithm able to generate anisotropic solu- tions. Unexpectedly this algorithm is much easier than its isotropic counterpart. In fact it allows to straightforwardly generate a double infinity of solutions. We used this algorithm to derive some new exact solutions. One of them is in a generalisation of the BowersLiang solution for which the density is not constant. Its existence is expected by the generating theorems we have proven, but a closer analysis revealed an unexpected feature: for some values of the parameters they show a radial and tangential pressure very close to each other. Since the other solution we reconstructed has the same properties one is lead to think that these "quasi-isotropic relativistic stars" might be a new class of objects never considered before. It would be interesting to explore further and in more detail the properties of this class of objects. A future work will be focused specifically on this task. pean Union's H2020 ERC Consolidator Grant "Matter and strong-field gravity: New frontiers in Einstein's theory" grant agreement No. MaGRaTh646597.
